Introduction
If S is a smooth complex surface, the punctual Hilbert scheme (or more precisely Douady space, in the non algebraic case) Hilb k (S), parametrizing 0-dimensional subschemes Z X of length k is by F ogarty's theorem 7] a smooth complex variety, and the Hilbert-Chow morphism c : Hilb k (S) ! S (k) which to a subscheme associates its cycle, that is its support together with the local multiplicities, makes it a desingularization of the symmetric product S (k) . is a singular complex projective v ariety, the isomorphism class of which depends only on the multiplicities n i of the cycle z = P i n i x i P i n i = k, where the x i 's are distinct.
In the paper 16], we p r o p o s e d t wo approaches for the construction of an analogue of the Hilbert scheme for any almost complex fourfold (X J), without any integrability assumption on J.
The rst one worked only for the (open) part of the Hilbert scheme which parametrizes cycles z which a t e a c h p o i n t of their support are either curvilinear, i.e contained in a smooth curve, or of multiplicity at most 3, which includes the rst in nitesimal neighbourhood of a point. Although limited to an open subset of the Hilbert scheme, this construction had the advantage of being canonical, that is to depend only on J. In fact there is an obvious notion of pseudoholomorphic subscheme, which is locally either curvilinear or the rst in nitesimal of a point, and we had only to put a di erentiable structure on the set of such objects.
The second construction provides us with a di erentiable manifold Hilb k (X) o f real dimension 4k, endowed with a continuous proper map c : Hilb k (X) ! X (k) which is a di eomorphism over the di erentiable manifold X (k) 0 . More generally for each z 2 X (k) the ber c ;1 (z) Hilb k (X) is a singular di erentiable manifold, canonically di eomorphic to the ber c ;1 z (z), where c z : Hilb k (X z ) ! X (k) z is the Hilbert-Chow morphism relative t o a n i n tegrable complex structure I z de ned in a neighbourhood X z of Suppz X. Hence our Hilbert scheme is a desingularization of the symmetric product X (k) , which has its bers over X (k) as in the integrable case. It is easy to see that our construction coincides with the complex construction in the integrable case.
We show furthermore in that paper that Hilb k (X) can be provided with a natural stable almost complex structure (that is a complex structure on the direct sum T Hilb k (X ) T, where T is a trivial bundle), and that it is well de ned up to di eomorphisms isotopic to the identity. F urthermore it depends only of the deformation class of J.
There is now a natural class of almost complex fourfolds, which i s p r o vided by the symplectic fourfolds : given such a pair (X !), Gromov 1 0 ] observes that the set of almost complex structures J compatible with !, that is satisfying the conditions !(u v) = !(Ju Jv) u v 2 T X x ! (u Ju) > 0 0 6 = u 2 T X x is contractible. Applying the previous construction to any such almost complex structure provides us with a di erentiable 2k-fold Hilb k (X), determined by ( X !) up to di eomorphisms isotopic to the identity. In the case where we can impose furthermore J to be integrable, that is when (X J) is underlying a complex surface S and ! is a K ahler form on S, w e h a ve the following result which is essentially proved in 15] Theorem 1 Let S be a c ompact K ahler surface. Then Hilb k (S) i s a K ahler variety.
The cohomology in small degrees of the Hilbert scheme is described as follows Coming back to the symplectic or almost complex situation, one can show easily that the description of the cohomology of the almost complex Hilbert scheme is exactly the same as in the complex case (cf. 13], 8]). This follows from the existence of a strati cation of X (k) with di erentiable strata, and the fact that over each stratum the bers of the Hilbert-Chow morphism are the same as in the integrable case. Hence starting with the symplectic class !] 2 H 2 (X R) w e get a class c !] k 2 H 2 (Hilb k (X) R). Furthermore, the codimension 2 singular di erentiable subvariety E has a class E] = 2 2 H 2 (Hilb k (X) Z). The main purpose of this paper is to prove the following symplectic analogue of theorem 2 Theorem 3 Let (X !) be a c ompact symplectic fourfold. There exists a positive real number 0 , such that for any 0 < < 0 , t h e r e is a symplectic form on Hilb k (X) of cohomology class c !] k ; . F urthermore, all these symplectic forms belong to a well de ned deformation class of symplectic forms on Hilb k (X).
The last section of this paper discusses potential applications of this result to the study of symplectic fourfolds. The rst section reviews the construction of 16]. The two next sections are devoted to the construction of the symplectic form.
Acknowledgements. I w ould like to thank Jim Bryan and Jonathan Wahl who asked the question whether the manifolds constructed in 16] w ere symplectic.
2 Review of the construction of Hilb k (X ) We review in this section the construction of a punctual Hilbert scheme Hilb k (X), for any C 1 almost complex fourfold (X J). X Z = f(z x) x 2 zg be the incidence set. We shall construct a family of manifolds Hilb k I (X) depending di erentiably on a parameter I. The set of such d a t a I is contractible, hence the fact that all the manifolds Hilb k I (X) are canonically di eomorphic up to di eomorphisms isotopic to the identity is a consequence of Ehresmann's theorem, at least in the compact case.
The auxiliary parameter I is the data of a relative complex structure on an open neighbourhood W X (k) X of the incidence set Z, where \relative" is relative with respect to the rst projection pr 1 : W ! X (k) . That is, for each z 2 X (k) , w e have a complex structure I z on a neighbourhood W z of Supp z in X, which should depend di erentiably with z, if one puts on X (k) the quotient (singular) di erentiable structure.
We then de ne Hilb k I (X) a s f o l l o ws : the relative complex structure I makes pr 1 : W ! X (k) a di erentiable family of complex surfaces. We can then perform the construction of the Hilbert scheme in family, and by F ogarty w e get a family of smooth complex 2k-folds : Hilb k I (W=X
Furthermore we h a ve the relative Hilbert-Chow morphism, with value in the relative symmetric product of W over X (k) c rel :
which identi es with pr 1 . W e de ne now Hilb k I (X) : = ( i c rel ) ;1 (Diag)
where Diag X
is the diagonal. The Hilbert-Chow map
is then de ned by c = pr 1 i c rel = pr 2 i c rel : By construction, the ber c ;1 (z) identi es to c ;1 Iz (z) f o r z 2 X (k) , so that as anounced, our Hilbert scheme has its bers over X (k) exactly as in the integrable case.
This de nition makes Hilb k I (X) only a topological space. Indeed there is a (singular) di erentiable structure on W (k)=X (k) for which c rel is di erentiable, but it does not coincide with the product di erentiable structure given by i, hence Diag is not a di erentiable subvariety for this di erentiable structure. Furthermore, even in the integrable case, the Hilbert-Chow morphism Hilb k (S) ! S (k) is not di erentiable for the quotient di erentiable structure on S (k) , s o w e do not expect the di erentiable structure on our Hilb k I (X) to be compatible with the quotient di erentiable structure on X (k) . W e explain now what are the supplementary conditions we impose on I in order to be able to put a di erentiable structure on Hilb k I (X). These conditions are local triviality conditions on I which are summarized in the next proposition.
LetZ X k X be the incidence set, that is Z = f(z 1 : : : z k z ) 9i z = z i g: The relative complex structure I will be induced by a relative complex structure on a neighbourhoodW ofZ in X k X, i n variant under the action of the symmetric group S k on the rst factor.
For each partition S = fS 1 : : : S l g of f1 : : : k g, t h a t i s f1 : : : k g = t i S i let S be the diagonal indexed by S, t h a t i s S is the set of points (x 1 : : : x k ) 2 X k such that x i = x j if for some the indices i and j belong to S . 4. For each z 2 S , the ber R ;1 S (z) X k i s a c omplex subvariety of X k endowed with the complex structure induced b ỹ I z . If I is a relative complex structure on W=X (k) induced, by passing to the quotient, by a relative complex structureĨ satisfying the properties above, we construct a di erentiable structure on Hilb k I (X) a s f o l l o ws. Let z be a point o f X (k) and let z 2 X k be a point o ver z. There is a smallest diagonal S to which z belongs, and denoting by S S the subgroup xing pointwise S , which is also the isotropy group ofz, w e h a ve a local identi cation
Hence by the compatibility property 1, the retraction R S will provide locally a retraction R : X (k) ! de ned near z, where = S is the image of S in X (k) . (In the sequel we shall call the minimal stratum or smooth stratum of z.) Next we know b y property 3 that I is constant along the ber of R. Denoting By what has been said above, its ber over any z 0 2 \ V identi es viaR to Hilb k I z 0 (W z 0 ) \ (R c I z 0 ) ;1 (z 0 ) = c ;1 I z 0 (R ;1 (z 0 )):
We use now the property 4 of proposition 1. It says that R ;1 (z 0 ) X is not a di erentiable map when X (k) is provided with the quotient di erentiable structure, which means that in general for a di erentiable function f on X (k) its pull-back f c will not be di erentiable on Hilb k (X). O u r c onstruction of the local charts for Hilb k I (X) shows however that f c is di erentiable if the pull-backf of f to X k factors through the retractions R S near the diagonals S , o r e quivalently if f factors locally through the retractions R : X (k) ! on the smooth stratum.
Constructing the symplectic form
Recall that Hilb k I (X) is de ned as a closed subset of the relative Hilbert scheme Hilb k I (W=X (k) ) and that the composed map c : Hilb k I (X) , ! Hilb k I (W=X (k) ) ! X (k) has for ber c ;1 (z) a complex singular subvariety o f Hilb k Iz (W z ). We w ould like t o construct a symplectic form on Hilb k (X) b y c o m bining the restriction of a relative K ahler form on Hilb k I (W=X (k) ), and the pull-back c ! k of the \symplectic form" ! k on X (k) given by the form P i pr i ! on X k , which i s i n variant under the symmetric group S k . H o wever, since the map c is not di erentiable for the quotient di erentiable structure on the right, neither the pull-back of a relative K ahler form, nor the pull-back o f ! will be di erentiable forms on Hilb k (X), so that in order to apply this construction, we h a ve to regularize rst both forms. The regularization process will be obtained using the following proposition, which will be proven (in a much more precise version) in the next section.
Proposition 2 There exists a di erentiable map~ : X k ! X k , which satis es the following properties 1.~ commutes with the action of the symmetric group S k on X k .
2.~ is close to the identity, so that (~ i d )(Z) W , a n d Ĩ =Ĩ nearZ. 3. Locally near each S ,~ takes value in S and factors through R S , t h a t i s = R S near S , for some di erentiable map : S ! S . Assuming this, we explain how to construct 2-forms on Hilb k I (X). Let : X is di erentiable with respect to the quotient di erentiable structure on the right.
Notice that if j : Hilb k I (X) , ! Hilb k I (W=X (k) ) is the natural embedding, we h a ve b y construction c = j, where : Hilb k I (W=X (k) will also provide local relative holomorphic coordinates 1 2 on W z , de ned near Supp z and varying di erentiably with z 2 X 
and it follows that 0 is also a relative K ahler form on Hilb k (W=X (k) ). We h a ve now, recalling that Hilb k I (X) is naturally contained in Hilb k (W 0 =X (k) ) :
Lemma 3 The restriction : = 0
is a di erentiable (closed) 2-form.
Proof. This follows immediately from the commutative diagram (3.1), from the fact that 0 = ( pr 2 h ) and from lemma 1, which implies that the map where is a closed 2-form on S de ned near z. But we k n o w that the map R c : Hilb k I (X) ! is di erentiable, where R : X (k) ! is the local factorisation of S through S S . Hence the di erential form (R c) is a closed di erential 2-form de ned over an open set of Hilb k (X). It is easy to see that all these di erential forms coincide on the intersections of such o p e n s e t s t o g i v e the desired extension of ( c) ! k .
The symplectic form we w ant to construct on Hilb k (X) will be of the form = + for > 0 su ciently small. In order that such f o r m b e e v erywhere nondegenerate we h a ve to impose supplementary conditions to , which will be explained in the proof of proposition 2. We will then prove in the next section Theorem 4 The map being constructed a s i n t h e p r oof of proposition 2, there exists a positive real number 0 such that the form = + is a symplectic form on Hilb k I (X), for any 0 < < 0 .
4 Proof of proposition 2 and theorem 4
Proof of Proposition 2. We r e c a l l r s t h o w the retractions R S : X k ! S de ned in a neighbourhood of each diagonal S are constructed. These retractions come from tubular neighbourhoods i S : N S =X k = X k de ned in a neighbourhood of the zero section of the normal bundle of S in X k . The retraction R S identi es via i S to the structural map N S =X k ! S . The di eomorphisms i S are constructed starting from the following data : let pr j : S ! X be the j-th projection, and let ; j S X be the graph of pr j . Assume given a di eomorphism over S , de ned in the neighbourhood of the 0-section j : pr j T X ! S X: (4.2) We suppose that for xed z 2 S , the induced di eomorphism j (z) : T X z j = X de ned near 0 2 T X z j coincides with k (z) i f z j = z k . F urthermore, its di erential at 0 should be the identity o f T X z j .
The di eomorphisms j provide now a di eomorphism over S = ( j ) : T X k j S = S X k : The di eomorphism i S is then obtained by restricting to N S =X k , which is naturally contained in T X k j S as the kernel of the linear projection S : T X k j S ! T S onto the space of invariants under S S .
The relative complex structureĨ S on some neighbourhoodW S of the incidence set (i.e the union of the graphs ; j ) i n S X is de ned by c hoosing for each j a complex structure J j on the vector bundle pr j T X (it is here that the existence of an almost complex structure on X plays a role), assuming again that the complex structures J j (z) and J k (z) o n T X z j = T X z k coincide whenever z j = z k .
Then we de ne the complex structureĨ S (z) (de ned on a neighbourhood of Supp z in X) to be induced in the neighbourhood of z j 2 Suppzby the di eomorphism j (z) and by the complex structure J j (z) o n T X z j . The relative complex structureĨ de ned on some neighbourhoodW of the incidence setZ X k X will be equal to R SĨ S near S .
It is then immediate to show that the retraction R S and the relative complex structureĨ de ned near S constructed as above satisfy the property (essential for our construction) that the bers R ;1 S (z) are complex subvarieties (obviously transverse to S ) o f X k for the complex structure on X k (de ned near z) induced byĨ z . Indeed, via the di eomorphism z : T X k z = X k , this complex structure identi es to the constant complex structure on T X k z given by the J j (z)'s, and the ber R ;1 S (z) identi es to the complex vector subspace Ker S . The property R S We de ne then S : X k ! X k to be the identity outside V S and to be given by the Indeed it is clear that this will be true once S S 0 for any pair of diagonals such that S 0 ( S .
It then follows that we h a ve S S 0 = R S S 0 at a point z such that S (z) 6 = z and S 0 (z) 6 = z, when none of the diagonals S and S 0 is contained in the other.
We then de ne~ as follows : let z 2 X k and suppose that z 6 2 U S for any S. One checks easily that the map~ : X k ! X k so constructed is di erentiable and it is clear by de nition that it factors locally through the retractions R S . F urthermore, since each S preserves the relative complex structureĨ, (because it preserves the bers of R S along whichĨ is constant,) the same is true of~ . The fact that~ commutes with the action of the symmetric group follows from the relation (4.4). Hence proposition 2 is proven.
In
First of all we ask that the local di eomorphisms j : pr j T X ! S X introduced in (4.2) pull-back the symplectic form ! on X to a 2-form on the vector bundle pr j T X which is the constant symplectic form ! z j on each b e r T X z j .
Furthermore we ask that the complex structure J j on the vector bundle pr j T X is compatible with the symplectic form induced by j ! on the bers. This 2-form together with the complex structure J j determine then a hermitian metric on pr j T X . We w i l l c hoose then as metric h S the restriction to the subbundle N S =X k T X k j S of the product of these hermitian metrics on T X k j S = j pr j T X . Now b y de nition, via the di eomorphism z = ( j z ) : T X k z = X k the complex structure induced byĨ S (z) o n X k near z coincides with the complex structure J j z on j T X z j furthermore, by construction the 2-form z ( P j pr j !) restricts to a constant form on the vector space T X k z , and the ber R ;1 S (z) is the image under z of the vector subspace N S =X k z . In conclusion, X k endowed with the complex structure induced on X k near z byĨ z , and the 2-form P j pr j ! is a K ahler variety and the ber R ;1 S (z) X k is a K ahler subvariety of it. We shall The end of this section is devoted to the proof of this theorem. We note to start with that this is in fact a local statement, by compactnesss of Hilb k I (X).
We note now the following lemma : let u 2 Hilb k I (X) denote by K u the kernel of the 2-form u on T Hilb k I (X ) u and let k u be its dimension denote also by N = 2 k the complex dimension of Hilb k I (X). Then Lemma 5 In order to prove that there exists a neighbourhood U of u a n d a r eal number 0 such the form = + is non degenerate on U for 0 < < 0 , i t su ces to check the following. Here the sign of the 2N-forms N;l l is computed with respect to the canonical orientation (compatible with the stable almost complex structure) of Hilb k I (X). In the local charts Hilb k I (X) R c ! which m a k e Hilb k (X) a family of complex manifolds parametrized by , this orientation is induced by the complex orientation on the bers and the symplectic orientation on the basis , which is an open set of some X r .
Proof. Consider ! o n to the smooth stratum containing z and we can look at the diagram above locally in the charts R c : Hilb k I (X) ! , using the fact that factors locally through the retractions R. The diagramm above then becomes Assuming this we conclude as follows: it will be clear from the proof of the inequality 2 that the 2-form u which is equal to ( i R i c) ! k on T Hilb k (X ) u , where i : T i R i (z) ! T i ~ (z) is an di eomorphism, induces the same orientation on T Hilb k (X ) u =K u = T i R i (z) as the form (R i c) ! k . Since the orientation on T Hilb k (X ) u is compatible with the complex orientation on K u and the symplectic orientation on T Hilb k (X ) u =K u , i t f o l l o ws immediately that N;ku ku > 0 a t u, Next assume that for some diagonal j , a ber (c R j ) ;1 (z 00 ) i s c o n tained in the ber ( c) ;1 (z 0 ) then we know t h a t ( c R j ) ;1 (z 00 ) has a complex structure, (being equal to c ;1 I z 00 (R ;1 j (z 00 )), with R ;1 j (z 00 ) a complex analytic subspace of X (k) for the complex structure induced by I z 00 on X k ), and it is obvious from the above description that via , (c R j ) ;1 (z 00 ) i s s e n t holomorphically onto a complex subvariety o f is complex linear and is the inclusion of a complex subspace. Now this is nished because the form 0 is a relative K ahler form on the family Hilb k (W=X (k) ). Hence the form u = 0 (u) restricts to a K ahler form on K u endowed with its complex structure.
Proof of the assumption 2 of lemma 5. We use here the notations introduced at the beginning of the section. Hence is the smooth stratum of z, and 0 : : : l are the diagonals such that~ = 0 : : : l near z, with z 2 V j 8j. We h a ve proved above that the form restricts to a K ahler form on K u , endowed with its complex structure coming from the identi cation K u = Ker(R i c) u : In particular, since Ker(R c) u is a complex subspace of Ker(R i c) u , also restricts to a K ahler form on Ker(R c) u . N o w recall formula (4.6).
= ( R c) ! k :
It follows immediately that in a neighbourhood of u, Ker(R c) is contained in the kernel of . On the other hand, gives the complex orientation on Ker(R c) .
Using a local splitting of T Hilb k (X ) T Hilb k (X ) = Ker(R c) W (so that W is naturally isomorphic to T ), which is orthogonal for , we can write in this decomposition = 1 + 2 with 1 a K ahler form on Ker(R c) , and = 2 . F urthermore, W is isomorphic to T via (R c) and 2 We conclude from this that it su ces to prove the following : consider the di erentiable map~ : ! : Let z 2 , and let K z := Ker~ z T z : (We k n o w that K z = KerR i is a complex subspace of T z endowed with the complex structure determined byĨ z .)
Fact.For k = dim K z and N = dim , and for any 2-form on T close enough to a given form 0 which restricts to a K ahler form on K z , w e h a v e n e ar z ! N;l k l 0 8l k z = dim K z for the natural (symplectic) orientation of T . Next we recall that the map~ = 0 : : : l satis es the property R 0 ~ =~ : So~ acts along the bers of the submersion R 0 : ! 0 . An argument similar as above shows now that it su ces to prove the fact above along the bers of the map R 0 , which b y the explicit description of the i 's will take the form of lemma 7 b e l o w. We h a ve arranged that the bers of the map R 0 identify by the tubular neighbourhoods map i 0 to a complex vector space on which the form ! k restricts to a constant K ahler form. Furthermore the R i 's identify to linear projections. Because of the action of the symmetric group S 0 , preserving the form ! k it is clear that these projections, which a r e i n variant projections with respect to smaller groups, are orthogonal with respect to the K ahler form. Hence we are in the following situation.
Assume V is a complex vector space of dimension n, ! is a constant K ahler form on V , a n d h is the associated hermitian metric on V .
Let 0 = V 0 : : : V l V be complex subspaces, and let i : V ! V i be the orthogonal projection. Let i : V ! V be given by the formula
where the function is strictly increasing between 1=2 and 1 and takes the value 0 in 0 1=2] and 1 in 1 1 , and the i 's are constant positive n umbers. Let = 0 : : : l : V ! V , and let v 2 V . Let 1 is then a local di eomorphism at v and similarly 0 is a local di eomorphism at 1 (v) so that is a local di eomorphism at v. Hence we h a ve k v = 0 and we need only to prove that ! n 0. But this is obvious since by formulas (4.7) and (4.11) both 1 We show next the inequality 2 . W e note that up to a term in 1 we h a ve 1 (i@ j z j We rst assume that 1 6 = 0 a t v, and that = 0 is K ahler.
Then the rst term in this sum is strictly positive, the last term is positive o r 0 and the only non positive term in the developpement of the second term is But we m a y assume that the number 1 is very small and that the function Similarly, since we m a y assume that 0 is not identically 0 near v (otherwise is identically 0 near v and the result is trivial), v y cannot be very small. Then noting that we c a n c hange 1 We nd that for each of them, the non zero coe cient of smallest degree is strictly positive for = 0 . Hence we conclude that it will remain strictly positive f o r close to 0 and that 1 ! n;s;1^i 1 (@ j z j 2^@ j z j 2 )^ s will remain positive i n a n e i g h bourhood of v since 1 remains positive. Hence lemma 7 is proven, and we have s h o wn that the inequality (2) of lemma 5 is satis ed. By lemma 5, this concludes the proof of theorem 5.
Some remarks and questions
The theorem proven here leads to several problems which m i g h t b e o f i n terest for symplectic and complex algebraic geometry.
We h a ve s h o wn that given a compact symplectic fourfold (X !), we can construct for each i n teger k a compact symplectic manifold Hilb k (X) of dimension 4k. U p t o isotopy it depends only of the deformation class of !, and the deformation class of the symplectic structure on Hilb k (X) is also determined by that of X.
It would be interesting to understand these symplectic varieties from a more symplectic point of view. Is it for example possible to construct them by surgery starting with simpler ones? Are they new examples of symplectic manifolds (eg exhibiting new features). The algebrogeometric analogue of this is the discovery by Beauville 1] of compact irreducible hyperk ahler (or holomorphically symplectic and K ahler) varieties of any e v en (complex) dimension, using the punctual Hilbert schemes of K3-surfaces.
Another natural question is whether these manifolds, which depend canonically on our symplectic fourfold, can be used to construct new invariants of symplectic fourfolds. Indeed, we can describe the cohomology of our varieties Hilb k (X) starting with the cohomology of X, exactly in the same way a s i n t h e i n tegrable case (cf. 9], 11], 13]). This is because our manifolds admit the same bers over X If ] = !] k ; and < A > > 0, this gives the inequality k < A !] k > < A > : (5.17) We apply this observation to get One has now
is surjective for any 0-dimensional subscheme Z X of length k, the natural map H 0 (L) O P 2 ! L k is surjective, hence we nd that det L k is generated by sections. Now i t i s e a s y t o see that (k ; 1)H is k-generated on P Lemma 9 Let P 2 be a line, and let P 1 (k) = P k be a p encil of degree k on . Then denoting by j : (k) , ! Hilb k (P 2 ) we have In order to prove that k (P and we conclude that the virtual dimension d virt (A) of the family of holomorphic maps of genus 0 and class A is equal to 2k. On the other hand, an element o f M is exactly determined by the data of a line i n P 2 and a line in (k) = P k . The line depends on two parameters and the Grassmannian of lines in P k has dimension 2k ;2. Hence dim M = 2 k. This proves 
